Notations and Statements
In a series of his articles [10, 12, 11, 13, 15] the author constructed explicitly mdimensional abelian varieties without non-trivial endomorphisms for every m > 1. This construction may be described as follows. Let K a be an algebraic closure of a perfect field K with char(K) = 2. Let n = 2m + 1 or 2m + 2. Let us choose an n-element set R ∈ K a that constitutes a Galois orbit over K and assume, in addition, that the Galois group of K(R) over K is "big" say, coincides with full symmetric group S n or the alternating group A n . Let f (x) ∈ K[x] be the irreducible polynomial of degree n, whose set of roots coincides with R. Let us consider the hyperelliptic curve C f : y 2 = f (x) over K a and let J(C f ) be its jacobian which is the m-dimensional abelian variety. Then the ring End(J(C f )) of all K a -endomorphisms of J(C f ) coincides with Z if either n > 6 or char(K) = 3.
The aim of this paper is to construct abelian threefolds without complex multiplication, using jacobians of non-hyperelliptic curves of genus 3. It is well-known that these curves are smooth plane quartics and closely related to Del Pezzo surfaces of degree 2. (We refer to [8, 6, 7, 2, 3, 4, 9] for geometric and arithmetic properties of Del Dezzo surfaces. In particular, relations between the degree 2 case and plane quartics are discussed in detail in [2, 3, 4] ). On the other hand, Del Pezzo surfaces of degree 2 could be obtained by blowing up seven points on the projective plane P 2 when these points are in general position, i.e., no three points lie on a one line, no six on a one conic ( [6, §3] , [2, Th. 1 on p. 27]).
In order to describe our construction, let us start with the projective plane P 2 with homogeneous coordinates (x : y : z). Let us consider a 7-element set B ⊂ P 2 (K a ) of points in general position and assume that the absolute Galois group Gal(K) of K permutes elements of B in such a way that B constitutes a Galois orbit. We write Q B for the 6-dimensional F 2 -vector space of maps ϕ : B → F 2 with b∈B ϕ(b) = 0. The action of Gal(K) on B provides Q B with the natural structure of Gal(K)-module. Let G B be the image of Gal(K) in the group Perm(B) ∼ = SS 7 of all permutations of B. Clearly, Q B carries a natural structure of faithful Perm(B)-module and the structure homomorphism Gal(K) → Aut(Q B ) coincides with the composition of Gal(K) ։ G B and G B ⊂ Perm(B) ֒→ Aut(Q B ).
Let H B be the K a -vector space of homogeneous cubic forms in x, y, z that vanish on B. It follows from proposition 4.3 and corollary 4.4(i) in Ch. 5, §4 of [5] that H B is 3-dimensional and B coincides with the set of common zeros of elements of H B . Since B is Gal(K)-invariant, H B is defined over K, i.e., it has a K a -basis u, v, w such that the forms u, v, w have coefficients in K.
We write V (B) for the Del Pezzo surface of degree 2 obtained by blowing up B. Then V (B) is a smooth projective surface that is defined over K (see Remark 19.5 on pp. 89-90 of [8] ). We write
for the corresponding birational map defined over K. Recall that for each b ∈ B its preimage E b is a a smooth projective rational curve with self-intersection number −1. By definition, g B establishes a K-biregular isomorphism between V (B) \ b∈B E b and P 2 \ B. Clearly,
Let Ω V (B) be the canonical (invertible) sheaf on V (B 
is a canonical divisor on V (B). Clearly, for each form q ∈ H B the rational function q z 3 on P 2 satisfies div( −→ P 2 which is obviously defined over K. It is known that π is a regular double cover map, whose ramification curve is a smooth quartic [2, pp. 67-68] , [3, Ch. 9] ). Clearly, C B is a genus 3 curve defined over K. Let J(B) be the jacobian of C B ; clearly, it is a three-dimensional abelian variety defined over K. We write End(J(B)) for the ring of K a -endomorphisms of J(B).
The following assertion is based on Lemmas 1-2 on pp. 161-162 of [3] .
Lemma 1.1. Let J(B) 2 be the kernel of multiplication by 2 in J(B)(K a ). Then the Galois modules J(B) 2 and Q B are canonically isomorphic.
Using Lemma 1.1 and results of [10, 15] , one may obtain the following statement.
be a 7-element set of points in general position. Assume that Gal(K) permutes elements of B and the image of Gal(K) in Perm(B) ∼ = SS 7 coincides either with the full symmetric group SS 7 or with the alternating group A 7 . Then End(J(B)) = Z.
This leads to a question: how to construct such B in general position? The next lemma provides us with desired construction.
be a separable irreducible degree 7 polynomial, whose Galois group Gal(f ) is either SS 7 or A 7 . Let R f ⊂ K a be the 7-element set of roots of f . Then the 7-element set
is in general position.
Clearly, Gal(K) permutes transitively elements of B f and the image of Gal(K) in Perm(B) coincides either with SS 7 or with A 7 ; in particular, B f constitutes a Galois orbit. This implies the following statement.
Proofs
Proof of Lemma 1. 
Clearly, the class of K V (B) equals −3l 0 + b∈B l b and obviously is Galois-invariant. There is a non-degenerate Galois invariant symmetric intersection form
In addition (ibid),
it is a Galois-invariant pure free commutative subgroup of rank 7.
Notice that one may view C B as a K-curve on V (B) [3, p. 160] . Then the inclusion map C B ⊂ V (B) induced the homomorphism of Galois modules
where Pic(C B ) is the Picard group of C B over K a . Recall that J(B)(K a ) is a Galois submodule of Pic(C B ) that consists of divisor classes of degree zero. In particular, J(B) 2 coincides with the kernel Pic(C B ) 2 of multiplication by 2 in Pic(C B ). It is known (Lemma 1 on p. 161 of [3] ) that
This gives rise to the homomorphism
of Galois modules. By Lemma 2 on pp. 161-162 of [3] , the kernel ofr is as follows. The intersection form on Pic(V (B)) defines by reduction modulo 2 a symmetric bilinear form
and we write
for the restriction of ψ to Pic(V (B)) 0 . Then the kernel (radical) of ψ 0 coincides with ker(r). (The same Lemma also asserts thatr is surjective.) Let us describe explicitly the kernel of ψ 0 . Since Pic(V (B)) 0 is a pure subgroup of Pic(V (B)), we may view Pic(V (B)) 0 /2Pic(V (B)) 0 as a 7-dimensional F 2 -vector subspace (even Galois submodule) in Pic(V (B))/2Pic(V (B)). Letl 0 (resp.l b ) be the image of l 0 (resp. l b ) in Pic(V (B))/2Pic(V (B)). Then {l 0 , {l b } b∈B } constitute an orthonormal (with respect to ψ) basis of the F 2 -vector space Pic(V (B))/2Pic(V (B)). Clearly, ψ is non-degenerate. It is also clear that
is the orthogonal complement of isotropic
in Pic(V (B))/2Pic(V (B)) with respect to ψ. Notice thatv 0 is Galois-invariant. The non-degeneracy of ψ implies that the kernel of ψ 0 is the Galois-invariant onedimensional F 2 -subspace generated byv 0 .
This gives us the injective homomorphism
of Galois modules; dimension arguments imply that it is an isomorphism. So, in order to finish the proof, it suffices to construct a surjective homomorphism Pic(V (B)) 0 /2Pic(V (B)) 0 ։ Q B of Galois modules, whose kernel coincides with F 2v0 . In order to do that, let us consider the homomorphism
indeed we have κ(z) ∈ Q B . It is also clear that κ(z) is identically zero if and only if a 0 = a b ∀ b, i.e. z = 0 orv 0 . Clearly, κ is a surjective homomorphism of Galois modules and ker(κ) = F 2v0 .
Proof of Lemma 1.3. We will use a notation (x : y : z) for homogeneous coordinates on P 2 . Suppose that here are three points of B f that lie on a line ax + by + cz = 0. This means that there are distinct roots α 1 , α 2 , α 3 of f and elements a, b, c ∈ K a such that all aα 3 i + bα i + c = 0 and, at least, one of a, b, c does not vanish. It follows that the polynomial at 3 + bt+ c ∈ K a [t] is not identically zero and has three distinct roots α 1 , α 2 , α 3 . This implies that a = 0 and
It follows that α 1 + α 2 + α 3 = 0. Let us denote the remaining roots of f by α 4 , α 5 , α 6 , α 7 . Clearly, Gal(K) acts 3-transitively on R f . This implies that there exists σ ∈ Gal(K) such that
and therefore α 2 + α 3 + α 4 = σ(α 2 + α 3 + α 1 ) = 0 and therefore α 1 = α 4 which is not the case. The obtained contradiction proves that no three points of B f lie on a one line. Suppose that six points of B f lie on a one conic. Let
be an equation of the conic. Then not all a i do vanish and there are six distinct roots α 1 , · · · , α 6 of f such that all a 6 α
This implies that the polynomial a 6 t 6 + 4 i=1 a i t i is not identically zero and has 6 distinct roots α 1 , · · · α 6 . It follows that a 6 = 0 and
This implies that 6 i=1 α i = 0. Since the sum of all roots of f lies in K, the remaining seventh root of f lies in K. This contradicts to the irreducibility of f . The obtained contradiction proves that no six points of B f lie on a one conic.
Lemma 2.1. Let B ⊂ P 2 (K a ) be a 7-element set of points in general position. Assume that Gal(K) permutes elements of B and the image of Gal(K) in Perm(B) ∼ = SS 7 coincides either with the full symmetric group SS 7 or with with the alternating group A 7 ; in particular, B consitutes a Galois orbit. Then either End(J(B)) = Z or char(K) > 0 and J(B) is a supersingular abelian variety.
Proof of Lemma 2.1. Recall that G B is the image of Gal(K) in Perm(B). By assumption, G B = SS 7 or A 7 . It is known [11, Ex. 7.2] that the G B -module Q B is very simple in the sense of [11, 14, 13] . In particular,
The surjectivity of Gal(K) ։ G B implies that the Gal((K)-module Q B is also very simple. Applying Lemma 1.1, we conclude that the Gal((K)-module J(B) 2 is also very simple. Now the assertion follows from lemma 2.3 of [11] .
Proof of Theorem 1.2. In light of Lemma 2.1, we may and will assume that char(K) > 0 and J(B) is a supersingular abelian variety. We need to arrive to a contradiction. Replacing if necessary K by its suitable quadraric extension we may and will assume that G B = A 7 . Adjoining to K all 2-power roots of unity, we may and will assume that K contains all 2-power roots of unity and still G B = A 7 . It follows from Lemma 1.1 that A 7 is isomorphic to the image of Gal(K) → Aut F2 (J(B) 2 ) and the A 7 -module J(B) 2 is very simple; in particular, End A7 (J(B) 2 ) = F 2 . Applying Theorem 3.3 of [15] , we conclude that there exists a central extension G 1 ։ A 7 such that G 1 is perfect, ker(G 1 ։ A 7 ) is a central cyclic subgroup of order 1 or 2 and there exists a symplectic absolutely irreducible 6-dimensional representation of G 1 in characteristic zero. This implies (in notations of [1] ) that either G 1 ∼ = A 7 or G 1 ∼ = 2.A 7 . However, the table of characters on p. 10 of [1] tells us that neither A 7 nor 2.A 7 admits a symplectic absolutely irreducible 6-dimensional representation in characteristic zero. The obtained contradiction proves the Theorem.
Explicit formulas
In this section we describe explicitly H B when B = B f . We have
We are going to describe explicitly cubic forms that vanish on B f . Clearly, u := xz 2 −y 3 and v := c 7 x 2 y +c 6 x 2 z +c 5 xy 2 +c 4 xyz +c 3 xz 2 +c 2 y 2 z +c 1 yz 2 +c 0 z 3 vanish on B f . In order to find a third vanishing cubic form, let us define a polynomial h(t) ∈ K[t] as a (non-zero) remainder with respect to division by f (t):
We have
For all roots α of f we have
This implies that the cubic form
Since u, v, w have x-degree 1,2,3 respectively, they are linearly independent over K a and therefore constitute a basis of 3-dimensional H B f . Now assume (till the end of this Section) that char(K) = 3. 1 Since C B f is the ramification curve for π, it follows that
is a singular sextic which is K-birationally isomorphic to C Proof. Let g 0 : V (B) → V (B) be the Geiser involution [2, p. 66-67] , i.e., the biregular covering transformation of π. Clearly, g 0 is defined over K. This implies that if E is an irreducible K a -curve on V (B) then E and g 0 (E) have the same stabilizers in Gal(K). Clearly, different points b 1 and b 2 of B have different stabilizers in G B and therefore in Gal(K). This implies that g 0 (E b1 ) = E b2 , since the stabilizers of g 0 (E b1 ) and E b2 coincide with the stabilizers of b 1 and b 2 respectively. This implies that the lines
which are bitangents to C B [2, p. 68], do not coincide.
For each b ∈ B we write D b for the effective degree 2 divisor on the plane quartic C B such that 2D b coincides with the intersection of C B and π(E b ); it is well known that (the linear equivalence class of) D b is a theta characteristic on C B . It is also clear that
Clearly, if 
0 is provided with the natural structure of Gal(K)-module and there is a natural isomorphism of Gal(K)-modules
Let us consider the homomorphism of commutative groups r : (Z B ) 0 → Pic(C B ) that sends a function φ to the linear equivalence class of b∈B φ(b)D b . Clearly,
and therefore r kills 2 · (Z B ) 0 . On the other hand, the image of r contains the (nonzero) linear equivalence class of D b1 − D b2 . This implies that r is not identically zero and we get a non-zero homomorphism of Gal(K)-modules
It is well-known that our assumptions on G B imply that the G B -module Q B is (absolutely) simple and therefore Q B , viewed as Galois module, is also simple. This implies thatr is injective. Since the F 2 -dimensions of both Q B and J(B) 2 equal to 6 and therefore coincide, we conclude thatr is an isomorphism.
Added in translation
The following assertion is a natural generalization of Lemma 1.3.
Proposition 5.1. Suppose that E ⊂ P 2 is an absolutely irreducible cubic curve that is defined over K. Suppose that B ⊂ E(K a ) is a a 7-element set that is a Gal(K)-orbit. Let us assume that the image G B of Gal(K) in the group Perm(B) of all permutations of B coincides either with Perm(B) ∼ = SS 7 or with the alternating group A 7 . Then B is in general position.
Proof. Clearly, Gal(K) acts 3-transitively on B.
Step 1. Suppose that D is a line in P 2 that contains three points of B say, {P 1 , P 2 , P 3 } ⊂ {P 1 , P 2 , P 3 , P 4 , P 5 , P 6 , P 7 } = B.
Clearly, D E = {P 1 , P 2 , P 3 }. There exists σ ∈ Gal(K) such that σ({P 1 , P 2 , P 3 }) = {P 1 , P 2 , P 4 }. It follows that the line σ(D) contains {P 1 , P 2 , P 4 } and therefore σ(D) E = {P 1 , P 2 , P 4 }. In particular, σ(D) = D. However, the distinct lines D and σ(D) meet each other at two distinct points P 1 and P 2 . Contradiction.
Step 2. Suppose that Y is a conic in P 2 such that Y contains six points of B say, {P 1 , P 2 , P 3 , P 4 , P 5 , P 6 } = B \ {P 7 }. Clearly, Y E = B \ {P 7 }. If Y is reducible, i.e., is a union of two lines D 1 and D 2 then either D 1 or D 2 contains (at least) three points of B, which is not the case, thanks to Step 1. Therefore Y is irreducible.
There exists σ ∈ Gal(K) such that σ(P 1 ) = P 7 . Then σ(P 7 ) = P i for some positive integer i ≤ 6. This implies that σ(B \ {P 7 }) = B \ {P i } and the irreducible conic σ(Y ) contains B \ {P i }. Clearly, σ(Y ) E = B \ {P i } contains P 7 . In particular, σ(Y ) = Y . However, both conics contain the 5-element set B \ {P i , P 7 }.
Contradiction.
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